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We explore the role of proximity-induced odd-frequency pairing in the thermoelectricity of a fer-
romagnet when coupled to a conventional s-wave spin-singlet superconductor through a spin-active
interface. By varying both the polarization and its direction in the ferromagnet and the interfacial
spin-orbit interaction strength, we analyze the behavior of all proximity-induced pair amplitudes in
the ferromagnet and their contributions to the thermoelectric coefficients. Based on our results for
the Seebeck coefficient, we predict that odd-frequency spin-triplet Cooper pairs are much efficient
than the conventional spin-singlet even-frequency pairs in enhancing thermoelectricity of the junc-
tion, especially mixed-spin triplet pairing is favorable. Our results on the thermoelectric figure of
merit show that ferromagnet/superconductor junctions are very good thermoelectric systems when
superconductivity is dominated by odd-frequency pairing.
I. INTRODUCTION
The phenomenon of odd-frequency (odd-ω) supercon-
ductivity occurs when the superconducting pair expecta-
tion value is odd under the exchange of time, or equiv-
alently frequency, of the two electrons in the Cooper
pair [1–4]. Following the first prediction by Berezinskii [5]
in the context of 3He, the concept of odd-ω pairing
was subsequently introduced for superconductivity [1–
3]. This unusual pairing obeys some exotic symmetries,
such as s-wave spin-triplet and p-wave spin-singlet sym-
metry [4]. It has mostly been found in hybrid structures
like ferromagnet (FM)/superconductor (SC) [6–11], nor-
mal metal/SC [12–15], and multiband systems with inter-
band hybridization [16–19].
Several attempts have been made to experimentally
identify odd-ω pairing. Large efforts have been concen-
trated towards the indirect detection via proximity effect
and Josephson current [20–22]. Later, other manifesta-
tions of odd-ω superconductivity have also been reported
using scanning tunneling measurement [23] and paramag-
netic Meissner effect [24] following several theoretical pre-
dictions [25–27]. There also exist other proposals based
on Josephson current [28, 29] and Kerr effect [17] for the
detection of odd-ω pairing in unconventional supercon-
ductors. In all the above mentioned works, the electron
transport properties are used to identify and understand
the role of odd-ω pairing. It is also interesting to look
at the thermal transport phenomena in the SC hybrid
junctions, especially FM/SC interfaces, which are both
excellent hosts of odd-ω pairing [6–11] and also identified
as well-behaved thermoelectric junctions [30–32].
In general, SCs are not good thermoelectric materi-
als in comparison to normal metals as the supercurrent
easily interferes with thermal current making it hard to
isolate and thus utilize [33]. Even in the case of successful
∗ paramita.dutta@physics.uu.se
isolation, thermoelectricity in SCs is weak because of the
particle-hole symmetric energy spectrum of conventional
SCs [31]. However, thermoelectricity can be enhanced by
breaking the particle-hole symmetry for each spin sepa-
rately, [30] due to the resulting asymmetry in the energies
of the two spin bands [34]. This can be achieved by lo-
cally applying a spin-splitting field forming a FM region
and then proximity couple this FM to a SC constructing
a hybrid structure [30].
Recently, the idea of implementing spin-splitting
through FM/SC structures has been shown to consid-
erably to enhance the thermoelectricity [30–32, 35–40].
Such enhancement of the thermoelectricity is always use-
ful due to the prospects of application [41, 42]. How-
ever, in works on thermoelectricity in FM/SC interfaces,
mainly the role of the conventional s-wave spin-singlet
even-frequency (even-ω) pairing has been discussed, al-
though odd-ω pairing is also inherently present in these
systems, often even dominating over even-ω pair am-
plitudes. Thus, question arises: what is the role of
odd-ω pair amplitude in thermoelectricity in FM/SC
structures? The question is highly relevant as Hwang
et al., has proposed thermoelectricity as a way to de-
tect the odd-ω superconductivity in quantum dot sys-
tems [43]. More specifically, they have revealed that in
a FM/Quantum-dot/SC system one of the thermoelec-
tric coefficients, the so-called thermal coefficient which
measures the charge current induced by a temperature
gradient, is zero for even-ω pairing but finite for odd-
ω pairing and thus, thermoelectricity can be used as a
probe for the odd-ω pairing in the quantum dot. Ad-
ditionally, recently Keidel et al., have proposed a way
to generate equal-spin triplet Cooper pairs at the helical
edge states of a quantum spin Hall insulator and used
that to drive a supercurrent from a temperature gradient
in a SC/FM insulator/SC structure along the edge [44].
Despite these interesting results, it is not yet established
whether odd-ω pairing is a good carrier of thermoelec-
tricity in generic FM/SC structures. More specifically,
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2is thermoelectricity in FM/SC junctions enhanced in the
presence of odd-ω pairing compared to the scenario when
there is only even-ω pairing in the system? Or, in other
words, how efficient are odd-ω Cooper pairs as carriers
of the thermoelectric current to make the FM/SC junc-
tion an efficient thermoelectric system? Moreover, the
existence of a finite density of states within the SC gap
due to odd-ω superconductivity [45, 46] is also interest-
ing, as that might influence the subgap contributions to
the thermal current.
Motivated by this, we study FM/SC junctions and
explore the behavior of an experimentally measurable
quantity, the Seebeck coefficient or thermopower [47],
which provides the ability of heat transfer through the
junction. The interfacial region is considered to host
a spin-active region from Rashba spin-orbit interaction
(RSOI) [48, 49], which also produces odd-ω spin-triplet
pairing in an efficient way [50]. To explain the role of
odd-ω pairing, we first analyze the proximity-induced
pair amplitude in the FM/SC junction. Then, we show
that the magnitude of the Seebeck coefficient is enhanced
when the polarization of the FM is equal or close to one
and the RSOI strength is finite, which is also when the
proximity-induced odd-ω spin-tripet pairing is dominat-
ing over even-ω states. In particular, we show that the
subgap contribution to the Seebeck coefficient is both
large, and, most importantly, caused by odd-ω pairing.
We also show that mixed-triplet spin pairing seems to be
more efficient than equal-spin triplet pairing in enhanc-
ing the thermoelectric effect. Enhancement of the See-
beck coefficient indicates the possibility of getting good
thermopower based on odd-ω superconductivity. This
prediction is supported by our result of the thermoelec-
tric figure of merit zT , characterizing the efficiency of
the junction. For any thermoelectric material, it is hard
to achieve a value of zT more than one, the value which
is well-known as an indicator for an efficient thermoelec-
tric material. We show that zT is has high as five in
the parameter regime where the ratio of odd- to even-ω
pair amplitude is large. Overall, this leads to the conclu-
sion that odd-ω pairing yields significant contributions in
enhancing the thermoelectricity of FM/SC junctions.
We organize the rest of the article as follows. In Sec. II
we present our model for FM/SC junctions. The theory
and the analysis of the pair amplitude are discussed in
Sec. III. Our results for the thermoelectric coefficients are
then presented in Sec. IV, including the necessary theo-
retical background. Finally, we summarize our results in
Sec. V.
II. MODEL
We consider a FM attached to a conventional s-wave
spin-singlet SC with a very thin spin-active interface in
between, as shown schematically in Fig. 1. Initially, the
system is at an equilibrium temperature T and then
a temperature gradient ∇T is applied across the junc-
tion. We describe each part of the junction with the
Bogoliubov-de Gennes (BdG) equation [51],
Hξ(k)Ψ(k) = EΨ(k) (1)
with
Hξ(k) =
(
H0ξ (k) ∆ξ σy
∆†ξ σy −H0 ∗ξ (−k)
)
, (2)
where H0ξ (k) represents the normal part of either the FM
Hamiltonian H0FM(k) for z > 0 or the SC Hamiltonian,
FIG. 1. Schematic picture of the FM/SC junction with mag-
netization vector m and interfacial spin-active region marked
by thin blue layer. An infinitesimal temperature gradient ∇T
is applied across the junction.
H0SC(k) for z < 0. ∆ξ is the gap parameter which is zero
for in the FM region and ∆SC for the SC region given by
∆SC = ∆0 tanh(1.74
√
Tc/T − 1), (3)
where Tc is the critical temperature of the SC.
The single-particle Hamiltonian for the FM including
the spin-active interface is taken as
H0FM(k) = ~2k2/2− (hFM/2) m · σ − µFM
+ WRSOI · σ δ(z) (4)
where the first term describes the kinetic energy, the sec-
ond term introduces the magnetism, the third term is the
chemical potential of the FM, and the fourth term repre-
sents the interfacial spin-active region. The magnetism is
expressed through an exchange field with magnitude hFM
and direction m = {sin θF cosφF, sin θF sinφF, cos θF} de-
fined by the polar angle θF and azimuthal angle φF [52].
Here, σ represents the Pauli matrices for the spin degree
of freedom. The Rashba field WRSOI of the interfacial
spin-active region is chosen as λRSOI[ky,−kx, 0] assum-
ing a growth direction of the heterostructure along [001]
crystallographic axis [53]. Here, the RSOI field strength
is denoted by the parameter λRSOI. The normal part of
the SC Hamiltonian is taken as
H0SC(k) = ~2k2/2− µSC. (5)
with the first term representing the kinetic energy fol-
lowed by the chemical potential of the SC.
3For the illustration of our results, we define some di-
mensionless parameters and use those throughout the
work. The RSOI strength is scaled as ΛRSOI=
2λRSOI
~2 and
the spin polarization in the FM is redefined as P=hFM2∆0 .
Further, we set ~ = 1, ∆0 = 0.1 and T/Tc = 0.5, though
our results are valid for any T/Tc < 1. With these param-
eter values, we can write the scattering matrix equations
using Eq. (2) and find the thermoelectric coefficients as
described in Section IV.
In order to understand in depth the behavior of the
pair amplitude, we consider the real space (in one direc-
tion) Hamiltonian of the whole FM/SC structure with a
tunnel coupling in between the FM and SC regions. For
this, we discretize the BdG Hamiltonian (using Eqs. (2-5)
by taking the inverse Fourier transformation along z-axis,
but keep the periodicity along x- and y-axis. After cou-
pling the SC and FM by a tunneling term, the discretized
BdG Hamiltonian for the whole FM/SC junction takes
the form
HFS(k||) = HFM +HSC +HFM-SC
=
∑
n∈FM,σ
[c†n,σ(2− cos kx − cos ky + Pm.σ
+µFM + ΛRSOI (σx sin ky − σy sin kx)δi,0)cn,σ
+tFM(c
†
n,σcn+1,σ + H.c.)]
+
∑
l∈SC,σ,σ†
[b†l,σ(2− cos kx − cos ky + µSC)bl,σ
+(tSCb
†
l,σbl+1,σ + ∆SCb
†
l,σb
†
l,σ′ + H.c.)]
+
∑
〈n∈FM,l∈SC〉,σ
tFM-SC(c
†
n,σbl,σ + H.c.), (6)
where n, l index the different layers along the z-axis.
c†n,σ (b
†
l,σ) and cn,σ (bl,σ) is the creation and annihila-
tion operators for the n (l)-th layer within the FM (SC).
〈..〉 term denotes the nearest neighbor term. We also
skip the wave vector notation k|| (kx, ky) (i.e., parallel to
the interface) from all operators for the sake of compact-
ness. Moreover, tFM (tSC) is the nearest neighbor hop-
ping between the adjacent layers of the FM (SC) and the
coupling between FM and SC is denoted by tFM-SC. The
total number of layers in FM and SC are denoted by NFM
and NSC, whereas NI is the number of interface layer(s)
at (around) z = 0 with RSOI. We show all the results for
the pair amplitudes for NFM = NSC = 50 and NI = 2.
To keep the model simple, we consider tFM = tSC = 1
and tFM-SC = 0.5. For the chemical potential, we take
µFM = 0 and µSC = 2, though the main results are not
qualitatively sensitive to the numerical values of the pa-
rameters. Changing t values will scale the pair amplitude
keeping the qualitative behavior same. Also, our system
size for the FM/SC junction is sufficiently large as the SC
coherence length is 10a with a being the lattice constant.
III. PAIR AMPLITUDE
In order to understand the proximity-induced super-
conductivity in the FM region, we analyze all pair am-
plitudes, including odd-ω pairing, in the FM region by
calculating the anomalous Green’s function for the whole
FM/SC junction as discussed in the following subsec-
tions.
A. Theoretical background
The Cooper pair amplitude in superconductors can be
found from the anomalous Green’s function defined as
the time-ordered expectation value of the field operators
for the fermions with spins σ and σ′,
Fσ,σ′(r, t) = −〈TtΨσ(r, t)Ψσ′(r, 0)〉
= −Θ(t)〈Ψσ(r, t)Ψσ′(r, 0)〉
+Θ(−t)〈Ψσ′(r, 0)Ψσ(r, t)〉, (7)
where Tt is the time-ordering operator and Θ(t) is the
heaviside step function. The time-dependent field oper-
ator Ψσ(r, t) can be found from the Heisenberg picture
as
Ψσ(r, t) = e
iHFS(k||)t Ψσ(r, 0) e
−iHFS(k||)t, (8)
where the time-independent form Ψσ(r, 0) may be either
cr,σ or br,σ.
The Fourier transform of the anomalous Green’s func-
tion Fσ,σ′(r, t) provides the pair amplitude in frequency
space Fσ,σ′(r, ω), which we calculate using Green’s func-
tion of the junction as follows [25]: We start by defining
the retarded Green’s function of the whole FM/SC junc-
tion as
GR(ω,k||) = [(ω + iη)I −HFS(k||)]−1. (9)
η is an infinitesimal quantity and I is the identity ma-
trix. The anomalous part of the Green’s function is found
from the block-matrix form of the Green’s function in the
Nambu basis as
GR(ω,k||) =
(G(ω,k||) F(ω,k||)
F¯(ω,k||) G¯(ω,k||)
)
, (10)
where each component of the block-matrix GR(ω,k||) is a
2N × 2N -dimensional matrix, N being the total number
of the layers (N = NFM +NSC +NI) in the whole FM/SC
junction along the z-axis. Furthermore, the anomalous
part of the Green’s function can be expressed as
F(ω) =
∑
k||
F(ω,k||), (11)
where we take the summation over the planar wave vector
k|| (which is a good quantum number) within the first
Brillioun zone, to account for the periodicity along the
x- and y-axis. The matrix form of F looks like
F(ω) =
(F↑↑(ω) F↑↓(ω)
F↓↑(ω) F↓↓(ω)
)
. (12)
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FIG. 2. Pair amplitude |F| as a function of site index in the FM in (a) the absence of RSOI (ΛRSOI = 0) and (b)-(d) presence
of RSOI (ΛRSOI = 0.3). The polarization is set as (a) P = 0, θF = 0, (b) P = 1, θF = 0, (c) P = 1, θF = pi/4, and (d) P = 1,
θF = pi/2, keeping φF = 0 for all panels. All four spin configurations are mentioned in the legend, and in addition Fodd is the
sum of all the spin-triplet odd-ω pair amplitudes.
The diagonal parts of F(ω) in Eq.(12) give the informa-
tion about the equal-spin triplet s-wave pair amplitude,
while, the off-diagonal components provide the mixed-
spin triplet s-wave pair amplitude (F↑↓ + F↓↑) and the
spin-singlet pair amplitude (F↑↓ −F↓↑). Here each com-
ponent of F(ω) is a N × N -dimensional matrix, where
we extract the pair amplitude in each layer and denote
it by Fσ,σ′(ω, n) for the nFM-th layer of the FM. Fi-
nally, we also take the summation over ω within the SC
gap, |Fσ,σ′(n)| = |
∑
ω
Fσ,σ′(ω, n)|, to concentrate on the
SC gap energy regime in our study. This is done since
our main purpose is to isolate the contributions from the
proximity-induced pairing.
B. Results and discussion
In order to analyze the proximity-induced pair ampli-
tude in the FM, we plot the magnitude of F as a func-
tion of the number of layers of the FM nFM for various
combinations of P , ΛRSOI and θF as presented in Fig. 2.
We here present the behavior of the pair amplitude for
some selected parameter regimes in order to understand
the subsequent results on the thermoelectricity. All the
possible four pairing: spin-singlet (↑↓ − ↓↑), equal-spin
(both ↑↑ and ↓↓) triplets and mixed-spin (↑↓ + ↓↑) triplet
are considered.
In Fig. 2(a), we set P = 0 and ΛRSOI = 0 which repre-
sents the situation of a normal metal/SC junction. There
is only spin-singlet s-wave pairing proximity-induced in
the FM, as expected when the SC is a conventional s-
wave spin-singlet SC. The pair amplitude is maximum
at the interface and decays slowly as we move towards
the inside of the FM. Note that, following SPOT = −1
classification [4, 5], any spin-triplet pair amplitude has to
be odd-ω in nature as it is s-wave, whereas the spin-
singlet pair amplitude is has an even-ω behavior. In
order to distinguish these easily, we introduce the total
odd-ω spin-triplet pair amplitude, defined as |Fodd| =
|F↑↑|+ |F↓↓|+ |F↑↓+↓↑|, where the notation Fσσ′+σ′σ de-
notes Fσσ′ + Fσ′σ, and plot it with a dotted black line
in order to directly compare with the spin-singlet even-ω
5pair amplitude, |F↑↓−↓↑|, marked by the dashed red line.
With the onset of finite polarization and RSOI, spin-
triplet pair amplitude appears in the FM region, in
Fig. 2(b) plotted for the values P = 1, with θF = 0 and
φF = 0, and ΛRSOI = 0.3. Since the P ≈ 1 has predom-
inantly only one spin species present at the Fermi level,
we denote this as the half-metallic regime. From Fig. 2(b)
we see that similar to Fig. 2(a), the spin-singlet even-ω
pair amplitude decays gradually with distance from the
interface. We check (not shown) that increasing the po-
larization of the FM results in a gradual reduction in the
overall spin-singlet amplitude. We only show the results
for P = 1 to concentrate on the regime where spin-singlet
even-ω is at its minimum. When the polarization of the
FM is high, a strong preferential direction along the z-
axis is set up within the FM region with an asymmetry in
the spin DOS and thus, reduces the spin-singlet pair am-
plitude. The decaying nature of the pair amplitude is ac-
companied by oscillations inside the ferromagnet, as also
reported earlier [54]. In addition to the spin-singlet pair
amplitude, the odd-ω pair amplitude is finite in the half-
metallic regime. We see that both the equal-spin triplet
(↑↑ and ↓↓) pair amplitudes are zero. The only exist-
ing triplet pairing in this situation is mixed-spin-triplet
(↑↓ + ↓↑) pairing, resulting in a complete overlap of the
total odd-ω pair amplitude to the mixed-spin triplet odd-
ω pair amplitude. The mixed-spin triplet odd-ω pairing
appears because of the spin-mixing induced by the fer-
romagnetic exchange field [6, 55, 56], whereas, the equal-
spin triplets are missing due to the particular choice of
the direction of the FM polarization vector, θF = 0, com-
pared to the direction of the RSOI field [57]. Overall,
the total odd-ω pair amplitude becomes comparable to
that of the spin-singlet pairing with a small spatial shift.
However, the odd-ω pair amplitude depends on the mag-
nitude of the polarization and increases with an increase
in the polarization of the FM, opposite to the behavior
of the even-ω pairing.
In the literature, it has previously been shown that
the presence of the RSOI at the interface can rotate the
quantization axis of the pairing and also generate the
equal-spin triplets [4]. This can also be realized in our
FM/SC structure by rotating the FM vector with respect
to the direction of the fixed RSOI field. We therefore set
θF = pi/4, keeping the other parameters the same as in
Fig. 2(b) and plot the resulting |F| in Fig. 2(c). Similar to
the θF = 0 case, both the spin-singlet and the mixed-spin
triplet pair amplitudes are finite within the FM region.
Additionally, both equal-spin triplet amplitudes are also
present in the FM, with the amplitudes of the ↑↑ and
↓↓ equal-spin triplet pairs being equal to each other. As
a consequence, the total amplitude of the odd-ω spin-
triplet pair dominates over the even-ω spin-singlet pair
amplitude in most layers of the FM, although there are
some minor oscillations. This proximity-induced super-
conductivity results from the Andreev reflection, which
occurs when an electron of a particular spin with an en-
ergy within SC gap is incident on the interface and a hole
of opposite spin is reflected back. With the increase of
the polarization of the FM, the asymmetry in the DOS
corresponding to the two different spin bands of the FM
gradually increases. This results in the reduction of the
Andreev reflection at the interface, but, due to the pres-
ence of RSOI, the incident electron may also flip its spin
at the interface and take an electron of the same spin
and pair together to pass through the SC. This is the
phenomenon of spin-flip Andreev reflection, associated
with the injection of the equal-spin triplet odd-ω Cooper
pairs in the FM. We can also rotate the polarization of
the FM further compared to the interface RSOI by set-
ting the direction of m along x-axis, i.e. θF = pi/2. Then
we find zero mixed-spin triplet pair amplitude, whereas,
↑↑ and ↓↓ spin-triplet pair amplitude are stronger, as
shown in Fig. 2(d). Here, the even-ω and the odd-ω pair
amplitudes become comparable to each other.
To summarize, there is only proximity-induced even-
ω spin-singlet pairing in the case of no spin polarization
in the FM. We have finite mixed-spin triplet odd-ω pair
amplitude in the FM for P = 1 in the presence of finite
RSOI when the polarization vector is parallel to the z-
axis. Rotation of the polarization vector from the z-axis
towards the x-axis affects both the spin configuration and
the amplitude of the odd-ω pairing proximity-induced in
the FM, but the odd-ω pairs always dominates or are
comparable to the spin-singlet pairing. However, the be-
haviors of all the pair amplitudes are insensitive to the
rotation of the m vector within the x− y plane (change
in φF), since the RSOI field lies on the same plane. Note
that we here only show the behavior of the s-wave pair
amplitudes because of its stability against disorder [58].
We check the amplitudes of all possible p-wave pairing
between the nearest neighbor sites along the three differ-
ent directions, but they are one or two orders of magni-
tude smaller than that of the s-wave pair amplitude in
the half-metal regime in the presence of the RSOI, par-
ticularly the regime we are interested in. We thus only
discuss the contributions of the proximity-induced s-wave
pair amplitude to the thermoelectricity throughout this
work.
IV. THERMOELECTRIC PROPERTIES
With the understanding of the proximity-induced pair
amplitude in the FM, we calculate the themoelectric co-
efficients for the FM/SC junction for different polariza-
tions both in the absence and presence of RSOI. First we
describe the necessary theory followed by our results.
A. Theoretical background
In this subsection, we define the thermoelectric coeffi-
cients and illustrate the method used to calculate these
coefficients numerically.
61. Thermoelectric coefficients
In the linear response regime, the charge current Ic
and the thermal current Iq can be expressed following
the Onsager matrix equation [59, 60]
Ic = L0∇V + L1∇T/T, (13a)
Iq = L1∇V + L2∇T/T, (13b)
where ∇V and ∇T represent the bias voltage and tem-
perature gradient, respectively. All the thermoelctric co-
efficients of Eq. 13 can be expressed by a general expres-
sion,
Lα =
∞∫
0
∫
S
T (E,k||)(E − µFM)α
(
− ∂f
∂E
)
d2k||
2pik2F
dE,(14)
where α is an integer number, being 0, 1 or 2 and indi-
cating L0, L1, L2, known as the electrical conductance,
thermoelectric coefficient and thermal conductance, re-
spectively. The transmission function T (E,k||) provides
the probability of transmission and it is weighted by
the energy measured with respect to the Fermi energy
i.e., (E − µFM) in Eq .(14). We provide the detailed
calculation of T (E,k||) later in this subsection. More-
over, E is the energy and kF is the Fermi wave vec-
tor, while the Fermi distribution function is given by
f(E) = 1/
(
e(E−µFM)/kBT + 1
)
with the Boltzmann con-
stant kB . We also perform a surface integration, with
area denoted by S, in the plane parallel to the interface.
We can describe other thermoelectric coefficients in
terms of the Lα in Eq. (13) as follows. The Seebeck co-
efficient or the thermopower, defined as the open circuit
voltage per unit temperature gradient, is found as [61, 62]
S = −L1/L0. (15)
To calculate the efficiency of the system, we compute the
thermoelectric figure of merit zT [62, 63]:
zT =
L0ST
L2 − Lp . (16)
Here, the correction factor due to the Peltier effect is
included via the term Lp and given by [64]
Lp = L
2
1
TL0 . (17)
All these thermoelectric coefficients can thus be found by
calculating the transmission function T (E,k||), which we
describe next.
2. Transmission function
We employ the scattering matrix formalism to calcu-
late the transmission function in terms of the probabili-
ties of all the scattering processes occurring at the inter-
face. For this we most easily use the BdG Hamiltonian in
Eq. (2). We start with the solution of the BdG equations
expressed generally as
Ψσ(r) = Ψσ(z)e
i(k||·r) (18)
following the translational symmetry along x- and y-
directions, with k|| being that wave vector and the posi-
tion vector r being in the plane of the interface (x − y
plane). For the FM (z > 0) region [65],
ΨFMσ (z) =
1√
keσ
eik
e
σzψeσ + r
e
σ,σe
−ikeσzψeσ + r
e
σ,σ′e
−ike
σ′zψeσ′
+rhσ,σe
ikhσzψhσ + r
h
σ,σ′e
ikh
σ′zψhσ′ (19)
with k
e(h)
σ =
√
k2F − k2|| + (σhFM ± 2E)/~2 being the
electron (hole)-like wave vector. Here, E is the energy
of the incoming particle/hole and σ is ±1 if the spin is
parallel/anti-parallel to the vector m. Moreover, r
e(h)
σ,σ′
represents the ordinary (Andreev) reflection amplitude
with the first and second subscript indicating the spins
of the incident and reflected particles, respectively. The
spinors for the electron-like and hole-like quasi-particles
are expressed as
ψeσ =
1√
2

σ
√
1 + σ cos θF e
−iφF√
1− σ cos θF
0
0
 (20)
and
ψhσ =
1√
2

0
0
σ
√
1 + σ cos θF e
−iφF√
1− σ cos θF
 , (21)
which are obtained by diagonalizing Eq. (4) [38]. Turning
to the SC region (z < 0), the solution is instead given
by [65]
ΨSCσ = t
e
σ,σ
 u0v
0
 eiqez + teσ,σ′
 0u0
v
 eiqez
+thσ,σ
 u0v
0
 e−iqhz + thσ,σ′
 0u0
v
 e−iqhz, (22)
where qe(h) =
√
q2F − k2|| ± 2
√
E2 −∆2SC/~2
with the SC coherence factors given by u(v) =√
[1±√1−∆2SC/E2]/2. Here, te(h)σ,σ′ denotes the ampli-
tude of transmitted electron (hole)-like quasi-particles
and qF denotes the Fermi wave vector within SC region.
Similar to the reflection coefficients, the first and second
subscript denote the spins of the incident and the
transmitted particles, respectively.
7Next, we employ the Andreev approximation [66] to
neglect all higher order energy terms since we are in-
terested in the low energy contributions only. Thus
we can express the wave vectors in the FM region as
keσ ≈ khσ ≈ kF
√
1 + σP − k2 and in the SC region as
qe ≈ qh ≈ kF
√
(qF /kF )2 − k2 where k is a dimensionless
wave vector defined as k||/kF . We finally use two bound-
ary conditions, which maintains the continuity of both
the wave function and the momentum at the interface:
ΨFMσ |z=0 = ΨSCσ |z=0
~2
2
(
d
dz
ΨSCσ |z=0 −
d
dz
ζΨFMσ |z=0
)
= σ3 ⊗ (WRSOI.σ) ΨFMσ |z=0 (23)
where ζ = diag(1, 1,−1,−1), to find the scattering
coefficients of Eqs. (19) and (22). Note that the ef-
fect of the interfacial RSOI enters through the bound-
ary condition [38]. In the end, the transmission func-
tion T (E, k||) can be expressed in terms of the ordinary
and Andreev reflection (AR) probability using Blonder-
Tinkham-Klapwijk (BTK) formalism [67]
T (E, k||) =
∑
σ
[1−Reσ(E, k||) +Rhσ(E, k||)], (24)
where the ordinary and Andreev reflection probabili-
ties can be found from the relation R
e(h)
σ (E, k||) =
Re[k
e(h)
σ |re(h)σ |2 +ke(h)−σ |re(h)−σ |2], following the current con-
servation at the junction.
B. Results and discussion
Having developed the necessary theoretical framework,
we present our results of the Seebeck coefficient and ther-
moelectric figure of merit for FM/SC junction and also
discuss the role of the proximity-induced pair amplitude.
There are both even-ω and odd-ω pair amplitudes present
in the system. To as much as possible isolate the contri-
bution of the odd-ω pairing, we only focus on the regimes
for which the ratio of odd- to even-ω pair amplitude is
high and relate the results of the thermoelectric coeffi-
cients to the results of the pair amplitude discussed in
the previous section.
In Fig. 3, we show a color plot of the Seebeck coefficient
amplitude |S| as a function of the polarization of the
FM and RSOI strength ΛRSOI by setting θF = 0 and
φF = 0. The dark to light color represents the low to
high magnitude of |S|. We here ignore the sign of S as
it is always negative for all the parameter values in our
study. We see that for ΛRSOI = 0 and P = 0, where
we have only the conventional s-wave spin-singlet even-ω
pairing proximity-induced in the FM, see Fig. 2(a), the
value of |S| is low. With the increase of the polarization
of the FM, Seebeck coefficient increases. Particularly, in
the half-metal regime (P ≈ 1), where strong spin-triplet
FIG. 3. Color plot of the magnitude of Seebeck coefficient |S|
in units of kB/e as a function of the polarization P of the FM
and the interfacial RSOI strength ΛRSOI, keeping θF = 0.
odd-ω pairing is proximity-induced along with the spin-
singlet even-ω pairing, we get a noticably higher |S| in the
junction. This is true both in the absence and presence
of finite low to moderate RSOI.
We note that in the numerator of the Seebeck co-
efficient, see Eq. (14) and Eq. (15), the term (E −
µFM )(∂f/∂E) is an odd function of E. This means
that only the odd in E part of the transmission function
contributes to L1 after integrating over E [43], whereas,
both the even and odd in E part of T (E) contribute to
L0. Consequently, only the odd-ω part of the anoma-
lous Green’s function, or equivalently pair amplitude,
contributes to L1. The even in E part of T (E), or equiv-
alently even-ω pair amplitude, thus always reduces the
Seebeck coefficient, since there is no sign change in be-
tween the contributions by the even-ω and odd-ω pair
amplitude. All the above arguments leads to the con-
clusion that odd-ω pairing is more effective in enhancing
the Seebeck voltage. To further reinforce our prediction,
we analyze our numerical results. In particular, we relate
the results of the thermoelectric coefficients to the pair
amplitudes for the various parameter regimes presented
in Fig. 2(b-d). In Fig. 3 in the P ≈ 1 regime, the Seebeck
coefficient in highest for ΛRSOI = 0 but also high in pres-
ence of low RSOI. It is here necessary to not focus on
ΛRSOI = 0 where S is highest. Instead, we concentrate
on the case of low RSOI, keeping P = 1, the reason is as
follows.
When ΛRSOI = 0.3 and θF = 0, S is high and we have
both even-ω spin-singlet and odd-ω spin-triplet pairing,
see Fig. 2(b), in the system. There may be contributions
by both the subgap and the supergap energy levels to the
Seebeck coefficient. Turning our attention to the contri-
bution by the proximity-induced pairing, or equivalently
supercurrent, we need to specifically focus on the SC sub-
gap energy regime by setting the limit of the integration
8over the energy in Eq. (14) to ∆SC, as this avoid contri-
butions from the quasiparticles present above the gap. In
Fig. 4(a) we plot |S| as a function of ΛRSOI for P = 1 of
the FM/SC junction, with both the whole range of inte-
gration and only SC subgap energy limit for three differ-
ent θF values. For θF = 0, as in Fig. 3, we observe that
the magnitude of the Seebeck coefficient is highest for
ΛRSOI = 0 when we consider all the energy levels includ-
ing the subgap regime. In contrast, when we plot |S| by
taking only the contributions from the subgap energies,
we see that the subgap contribution is zero at this field
orientation. Thus for ΛRSOI = 0, the only contribution is
from energy levels above the SC gap. It is the tunneling
processes occurring at the interface that are responsi-
ble for the thermoelectricity. Hence, it is the transmit-
ted electron-like and hole-like quasi-particles that are the
carriers of the thermal current in this parameter regime.
Specifically, there is no contribution by the proximity-
induced pair amplitude for ΛRSOI = 0. This is true for
any finite θF values too as shown for θF = pi/4 and pi/2.
So, we can here disregard the ΛRSOI = 0 case from our
discussion.
From Fig. 4(a) we see that the subgap contribution
forms a significant portion of the total Seebeck coeffi-
cient at larger RSOI. Focusing on this subgap regime,
we plot in Fig. 2(b) the Seebeck coefficient as function of
the field direction θF. We see that the subgap contribu-
tion to the Seebeck coefficient significantly increases with
the increase of RSOI, although it saturates after certain
value of ΛRSOI. This shows that the contributions by
the proximity-induced pairing increases for low to mod-
erate RSOI. For the situation presented in Fig. 2(b), there
could, in principle, have been finite contributions by both
even-ω and odd-ω pairing to the Seebeck coefficient, but
we already know that even-ω spin-singlet pairing is not
good carrier for the thermoelectric current from the result
in P = 0 junctions. Thus we can conclude that there is
a major contribution to the Seebeck coefficient from the
odd-ω pair amplitude, taking place for finite RSOI and
subgap energies.
The only remaining issue with the conclusion that odd-
ω pairing is responsible for the subgap contributions is
if there are also subgap states in the junction. In the
literature it has previously been shown that within the
SC gap, there can be zero energy states due to odd-ω su-
perconductivity [23, 45, 46]. We have checked that this is
also true in our case in the presence of the finite RSOI for
the half-metallic regime of the FM. So, the subgap con-
tribution is generated by the supercurrent but also by
subgap quasiparticles. But since these zero-energy states
are a direct consequence of the odd-ω pairing, the con-
clusion still holds that odd-ω pairing gives a significant
contribution to the Seebeck coefficient.
To extract the Seebeck contributions from the
proximity-induced odd-ω spin-triplets with different
spin-structures, we plot in Fig. 4(b) |S| as a function of
θF, keeping φF = 0. With the increase of θF, the magni-
tude of S decreases. Thus, the case where the polariza-
0 0.5 1
1
||
2
3
ΛRSOI
θF=0θF=π/4θF=π/2
(a)
0 π/4 π/2
0.55
||
0.35
θF
ΛRSOI=0.4ΛRSOI=0.5ΛRSOI=0.6
(b)
FIG. 4. Magnitude of the Seebeck coefficient |S| in units of
kB/e for P = 1 as a function of (a) ΛRSOI for all the energy
levels (solid) and considering only the subgap energy levels
(dashed) and (b) the polar angle θF of the polarization vector
m for RSOI strength ΛRSOI = 0.3 for only subgap energies.
tion vector m lies along the z-axis (θF = 0), where we
have only mixed-spin triplet pairing present in the FM,
the magnitude of the Seebeck coefficient is larger com-
pared to that for finite θF. With increasing θF, the equal-
spin triplet pair amplitudes are growing but it results in-
stead in somewhat of a reduction in S. In particular,
when we rotate the polarization vector to θF = pi/4, the
Seebeck coefficient decreases slowly although the total
odd-ω pair amplitude increases by small amount. Thus
the decrease must be related to the change spin-structure
of the pair amplitude, i.e. the reduction in the mixed-
spin triplet pair amplitude and the increase of equal-spin
triplet pairing. When we rotate the polarization vector
further and set θF = pi/2, the decreasing nature of the
Seebeck coefficient still continues and it corresponds to
only equal-spin triplet pair amplitude with the mixed-
spin triplet pair amplitude being zero. These trends
9are present for any low to moderate RSOI (note the y-
axis scale). We also check that the change in the angle
(θF = pi/4 to pi/2) does not affect the zero energy states.
The mixed-spin-triplet pairing must therefore be more ef-
ficient than the equal-spin triplet pair amplitude in gen-
erating a thermoelectric voltage at the FM/SC junction.
FIG. 5. Thermoelectric figure of merit (zT ) as a function of
the polarization P and RSOI for the polar angle θF = 0 of
the polarization vector m of the FM.
Finally, we also calculate the thermoelectric figure of
merit and plot it as a function of polarization of the FM
and RSOI in Fig. 5 for θF = 0. We see that, similar to
the Seebeck coefficient, there is an enhancement in zT in
the half-metal regime where odd-ω pairing is proximity-
induced in the FM. For the half metal FM, in the pres-
ence of low RSOI, zT even increases to a value of 5. No-
tably this is much higher than in the regime of zero RSOI
and zero polarization, i.e. the normal metal regime where
only spin-singlet even-ω paring is present and the thermo-
electric effect is only due to transmitted quasi-particles.
The FM/SC junction is thus a much more efficient ther-
moelectric junction when the proximity-induced odd- to
even-ω pair amplitude is high in the system compared to
the situation when only even-ω pairing is induced in the
FM.
V. SUMMARY
We have investigated the role of odd-ω pairing in the
thermoelectricity of a FM/SC junction with an applied
temperature gradient. We have done this by calculating
the proximity-induced pair amplitude and several ther-
moelectric coefficients, the Seebeck coefficient and ther-
moelectric figure of merit, for various conditions of the
interface and the polarization of the FM region. We have
found that the odd-ω spin-triplet pairing is playing a ma-
jor role in the thermoelectricity of the FM/SC junction
in the presence of a spin-active interface, in particular
the mixed-spin triplet pairing. In fact, the efficiency of
the FM/SC junction as a thermoelectric device is highly
enhanced when odd-ω pairing is present compared to the
situation when there is only even-ω pairing in the system.
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